Compared to the quantum noise in the measurement of the translational motion of a suspended mirror using laser light, the quantum noise in the measurement of the angular motion of a suspended mirror has not been investigated intensively despite its potential importance. In this article, an expression for the quantum noise in the angular motion measurement is explicitly derived. The expression indicates that one quadrature of the vacuum field of the first-order Hermite-Gaussian mode of light causes quantum sensing noise and the other causes quantum backaction noise, or in other words the first-order vacuum field is ponderomotively squeezed. It is also shown that the Gouy phase shift the light acquires between the mirror and the position of detection of the light corresponds to the homodyne angle. Therefore, the quantum backaction noise can be cancelled and the standard quantum limit can be surpassed by choosing the appropriate position of detection analogously to the cancellation of quantum radiation pressure noise by choosing an appropriate homodyne angle.
I. INTRODUCTION
The standard quantum limit (SQL) is a limitation of quantum noise that universally exists in every precise measurement [1] . The SQL is understood as the trade-off between quantum sensing noise and quantum backaction noise [1] , which arises from the Heisenberg Uncertainty Principle. Particularly, quantum noise in the interaction between the translational motion of a suspended mirror and the electromagnetic field of the laser has been investigated intensively for the reduction of quantum noise in interferometric gravitational wave detectors [2] and the realization of a macroscopic quantum mechanical state [3] . It was proposed that it is possible to surpass the SQL in the translational motion of a suspended mirror by detecting the electromagnetic field reflected from the mirror with homodyne detection to exploit the correlation between quantum sensing noise and quantum backaction noise that is produced by ponderomotive squeezing of the field [4] . However, quantum noise in the interaction between the angular motion of a suspended mirror and the electromagnetic of the laser has not been investigated sufficiently. Because every degree of freedom is equivalent in the context of the realization of a macroscopic quantum mechanical state, to investigate the quantum noise in the measurement of the angular motion of a suspended mirror is as important as the translational motion of a suspended mirror. In this article, therefore, an expression for quantum noise in an optical lever for the measurement of the angular displacement of a suspended mirror is derived. This expression is explained in analogy with the quantum noise in the measurement of the translational motion of a suspended mirror. * yenomoto@icrr.u-tokyo.ac.jp
II. REVIEW OF NOTATIONS AND BACKGROUND KNOWLEDGE
A. Hermite-Gaussian modes and paraxial approximation
First, let us summarize the background knowledge and the definition of notation. The electric field of a laser is well described with Hermite-Gaussian (HG) modes [5] . In this article, the following definition of HG modes U lm is used:
Here, ω 0 and k 0 are angular frequency and wave number of the modes, respectively, and l and m are nonnegative integers that characterize modes. The symbols used above are defined as follows:
where w 0 is the beam width at the beam waist (z = 0). ζ, z 0 , w, R, and H n are the Gouy phase, Rayleigh range, beam width, radius of curvature, and Hermite polynomial of n-th order, respectively. U lm is orthonormal in the sense that
An arbitrary electric field E described with HG modes takes the form
where I 0 is the power of the light characterized by this E and f lm is a numerical coefficient. Throughout this article, a certain polarization is considered and we deal with the light within the range of paraxial approximation, i.e. an electric field can be regarded as a scalar. It was shown [6] that if we have laser light which can be characterized by the fundamental HG mode and its path is displaced by δx and/or tilted by δθ in the x-axis direction from the z-axis, the electric field of the light takes the form:
Here we define α 0 = 2/kw 0 . Equation (13) can be derived by expanding U 00 (x ′ , y, z ′ , t) and taking the terms up to the first order of δx and δθ and the leading order of α 0 , where
Equation (14) gives us an exact interpretation of δx and δθ; δx represents the displacement of the light path from the z-axis at the waist of the beam, and δθ is the tilt of the light path from the z-axis. Here and henceforth we assume the displacement and the tilt are small, i.e. δx/w 0 ≪ 1, δθ/α 0 ≪ 1. To generalize Eq. (13), for arbitrary Z let us consider the electric field described by
= U 00 + δx
Here we used the relation ω 0 /α 0 = z 0 and we define: α(z) = 2/kw(z), and
. Note that all of U ′ lm have the same phase at z = Z. From Eqs. (13) and (16) Quantized fields of Hermite-Gaussian modes can be expressed as [7, 8] 
Here H.c. denotes Hermitian conjugate, andâ lm ω andâ †lm ω are the annihilation and creation operators, respectively, which satisfy the commutation relation
following from the orthonormality relation (10) of HG modes [7] . Let us define sideband frequency Ω by Ω = ω − ω 0 and let us restrict ourselves to the condition Ω ≪ ω 0 , and then we can rewrite Eq. (17) aŝ
lm , we obtain the following expression from Eq. (19):
Following from Eq. (18), the commutation relations
are satisfied.
B. Quantum noise: translation
Here, in order to clarify the analogy between the quantum noise in the measurement of the translational motion of a mirror and the angular motion of a mirror, the quantum noise in the measurement of the translational motion of a mirror is summarized. The contents summarized here were originally developed by Kimble et al.
[4] and we summarize these similarly to Miao [9] . Let us consider a model in which the laser light reflected by the mirror is detected at a fixed point in order to determine the position of the mirror. The laser light incident to the mirror is described by the fundamental HG mode. The incident field of the laser light can be expressed aŝ E in (t) = (A +â 00 1 (t)) cos ω 0 t +â 00 2 (t) sin ω 0 t.
where A = 2I 0 / ω 0 and I 0 is the average power of the light. Here, we omitted the factor 4π ω 0 /c u 00 to ignore spatial dependence of the electric field of the light for simplicity. Since the position of the mirror ∆ẑ mir can be expressed as
including the effect of radiation pressure fluctuation of the incident light, the reflected field can be written aŝ
Here m is mass of the mirror, 
where η is called the homodyne angle. Homodyne detection is realized by measuring the power of light which is superposition of the quantum field to be measured and local oscillator field with phase difference between these fields controlled at certain value. This phase difference is the homodyne angle. From Eq. (21), the one-sided spectral density ofâ lm j (t) can be expressed as:
and hence the noise spectral density when ∆ẑ ex is measured withb 00 η is
If η = π/2, the inequality S z,η (Ω) ≥ z 2 SQL holds for arbitrary κ 0 . Note that at the frequency where κ 0 = cot η, radiation pressure noise is cancelled and the SQL, z SQL , is beaten.
III. QUANTUM NOISE: ROTATION
From here, the quantum noise in the measurement of the angular motion of a mirror is discussed. Let us consider measuring the angular motion of a mirror by detecting the transverse shift of the laser beam reflected by the mirror, as shown in Fig. 1 . This is how an optical lever measures the angular motion of a mirror. For simplicity, it is assumed that the radius of curvature of the beam at the mirror and the radius of curvature of the mirror coincide. First, consider the fluctuation of the transverse displacement and tilt of the incident laser light. In this section we assume the fluctuation is so small that Eqs. (13) and (15) can be applied. The incident laser light is assumed to be described by the fundamental HG mode and then the electric field of the incident light is written aŝ
+u 10â 10 1 (z, t) cos φ 10 + u 10â 10 2 (z, t) sin φ 10 .
Here we omitted the higher order HG modes other than 00 and 10 modes because only these modes are relevant to the transverse displacement and tilt of the laser light in the x-axis direction. If we decomposeÊ in in the same way as Eq. (20) again,
In order to know the fluctuation at z = Z, defining fundamental-mode-referred quadrature at z = Z, a lm j (z, t; Z), by the equation 15), which is a classical expression for the transverse displacement and tilt, quantum operators for the transverse displacementδx and tiltδθ at z = Z can be identified aŝ
respectively. The Fourier transforms ofδx andδθ arê
Next, we consider the angular motion of the mirror located at z = −Z 1 and the reflected laser light, as shown in Fig. 1 . With Eq. (35), we can calculate torque on the mirror caused by radiation pressure of the laser light, and the equation of angular motion in frequency domain turns out to bê
Hereθ mir (Ω) is the angular tilt of the mirror,θ ex (Ω) is the angular tilt of the mirror caused by an external force other than radiation pressure, I is moment of inertia of the mirror, and the fact that radiation pressure force is ω 0 A 2 /c is used. Then, since the transverse displacement and tilt of the light reflected by the mirror areδx and δθ + 2θ mir , respectively, we can express the electric field of the reflected light using Eq. (15) aŝ 
where
, and θ SQL = 2 /IΩ 2 . Since the term −κ 1â 10 1 (Ω; −Z 1 ) exists in the expression ofb 10 2 (Ω; Z 1 ) in the same way as Eq. (26), the 10 mode vacuum field of the light reflected by the mirror can be regarded as ponderomotively squeezed.
Then, we consider measurement ofθ ex by detecting the transverse displacement of the reflected light at z = Z meas and the expression of quantum noise of this measurement. To obtain the transverse displacement of the reflected light at z = Z meas , we writeÊ 
where ψ ≡ ζ(Z meas ) − ζ(Z 1 ). Using Eq. (28) we obtain the noise spectral density of the measurement ofθ ex as
Note that Eq. (44) takes exactly the same form as Eq. (29). Table I summarizes the analogy between the quantum noise in the measurement of the translational motion and the angular motion of a mirror. This expression for the noise spectrum shows that ψ, the Gouy phase shift from the mirror to the position of detection, corresponds to the homodyne angle of the measurement of the translational motion of a mirror. Therefore, measurement of the transverse displacement of the light reflected by the mirror at modest distance from the mirror, i.e. ψ = π/2, can be regarded as homodyne detection. If ψ = π/2, which corresponds, for example, to the case that the separation between the mirror and the position of detection is sufficiently larger than the Rayleigh range and the light is detected at the beam waist, i.e. ζ(Z meas ) ≃ 0, ζ(Z 1 ) ≃ −π/2, Eq. (44) is simplified as
The first and the second terms inside the brackets originate in the fluctuation of the angle of the mirror caused by the fluctuation of the transverse displacement of the incident light and the fluctuation of the angle that the incident light has had before hitting the mirror, respectively. Therefore, they are analogs of radiation pressure noise and shot noise, respectively. We call the first term radiation torque noise. From Eq. (45) We can see that S θ,π/2 (Ω) is always larger than θ 2 SQL even if the power or the beam width of the incident laser light is varied. In other words, this formula shows that θ SQL is the SQL of the measurement of the angle of a mirror. Equation (44) also indicates that at the frequency where the condition −κ 1 + cot ψ = 0 holds, radiation torque noise is completely cancelled. Therefore, by choosing the appropriate position of measurement Z meas , radiation torque noise at a certain frequency can be cancelled and the SQL can be beaten, in a similar way to the radiation pressure noise cancellation by choosing the appropriate homodyne angle.
We will also discuss these results in terms of interaction between orbital angular momentum of light and motion of the mirror reflecting the light. Backaction to the suspended mirror in our configuration can be explained by interaction between the transverse (y) component of optical angular momentum of the laser light and angular motion of the mirror. In fact, it was shown that light which is characterized by a linear combination of HG00 mode and 10 mode has a non-zero y component of orbital angular momentum [8] . In contrast, interaction between the longitudinal (z) component of orbital angular momentum of light and a mirror made of a spiral phase element that reflects the light has been investigated to utilize it to cool the rotational motion of the mirror about the z-axis, in which direction the light propagates [10] . Therefore, comparison of our results and this previous work indicates that our present approach might also be applicable to addressing the quantum limit in the measurement of rotation of a mirror about the z-axis.
